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ABSTRACT

A digroup is an algebra defined on a set having two associative binary operations, - and —.
Digroups play an important role in an open problem in the theory of Leibniz algebras. We present
a brief overview of digroups and a set of more general axioms for a digroup than used previously.

We then consider several properties of a digroup having distinct elements a and b such that a -~

b=bra,buta-b#a-b.
l. INTRODUCTION

A vexing problem in the theory of
Leibniz algebra is finding a generalization of
Lie’'s third theorem. Lie’s third theorem
associates a (local) Lie group to any Lie
algebra, real or complex. Seeking
appropriate analogues of Lie groups for
Leibiniz algebras, Loday [1] became so
exasperated at one point that he dubbed
these  objects coquecigrues—absurdity
incarnate. Kinyon [2] found a partial solution
using digroups (defined below), as follows: if
a Leibniz algebra splits over an ideal
containing the ideal generated by squares,
then it is isomorphic to the tangent algebra
of a linear Lie digroup. In particular, if the
split Leibniz algebra is actually a Lie
algebra, then the Ilinear Lie digroup
coincides with the Lie group from Lie’s third
theorem. For Leibniz algebras that do not
split, the problem remains open.
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Loday was the first to use the idea
of a digroup [3]; since then others have
refined Loday's work, e.g., [4] and [5].
Kinyon modified Loday’s definition of
digroup to give one that is much cleaner
(see below). As part of his partial solution to
the coquecigrue problem, he showed that
every digroup is a product of a group and a
trivial digroup. J. D. Phillips [6] gave an
even simpler basis of axioms for a digroup.
In this paper, we generalize Kinyon’s first
axiom of associativity to give yet a more
general axiom scheme for digroups. Then
we look at some properties of pairs of
elements that commute under one of the
binary operations in a digroup.

Though we will not make use of this
definition in this paper, a Lie digroup is a
smooth manifold with a digroup structure
such that the digroup operations are smooth
mappings. A linear Lie digroup is a Lie
digroup recovered from the product of a Lie
group and a module in a natural way [2].
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Il. AXIOMIZATIONS OF DIGROUPS

Kinyon’s definition of a digroup is as
follows.
Definition 1 (Kinyon). A digroup is a set, G,
equipped with two binary operations, ~ and

-, with a unary operation, t, and with nullary
operation, 1, satisfying each of the following
six axioms:

G1l. (G, +)and (G, H) are both semigroups.
G2. xFy)dz=xF(yH2).

G3. xH(yFz)=xHy -z

G4. xXHy)Fz=XFYyF z

G5. THx=x=x41.

G6. xx'=1=x"4x

Note that a digroup is essentially a left group
and a right group together with some
compatibility axioms. J. D. Phillips [6]

showed that G2 through G4 can be
simplified as follows:

Theorem 1 (Phillips). A set, G, is a digroup,
if and only if it is equipped with two binary
operators, -~ and -, with a unary operation,

t, and with nullary operation, 1, satisfying
the following four axioms:

G1l. (G, +)and (G, H) are both semigroups.
G2* x—(x-H2z)=(XFXx)-z

G5. 1-x=x=x41.

G6. xx'=1=x"4x

We will show that G1, the associativity of
and -, may be weakened to a form of the
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Semi-Moufang identity.

Theorem 2. A set, G, is a digroup if and
only if it is closed under two binary

operations - and -, has a unary operation,

t, and with nullary operation, 1, satisfying
the following axioms:

G1* + and H are semi-Moufang, i.e.,
XF((yFz)-x)=(xXFy)F(z+x)and
xH((y4z)4x)=(x-y)d(z - x).

G2. x+y)dz=xF(y-2z).

G5. 1-x=x=x41.

G6. xx'=1=x"q4x

Proof. All digroups satisfy these axioms
because they are a weaker set of axioms.
Conversely, let G be an algebra satisfying
these axioms. Using Phillips’ Axioms of a
digroup, we need only prove associativity of
the two binary operations, (since G2 implies
G2* by setting y =x). We will show the proof

for the associativity of —; the proof for - is
similar.
We introduce six auxiliary identities

to help in proving (X - y) =z =XxF (y - z):

Al. XFY)F1=XF(yF1).

A2. 1 4x=xF1.

A3. x (X' Fy)FXx) =y X

Ad. X" 1=x"

A5 x+—(X'HF(yrF1)=yF1.

AB. (X 1)Fy=XxFy.

We first show that G must satisfy Al-A6
then show that  is associative.

G5 GI* G5
Al: XFY)F1T =1FH[XFY)F1] =(1FX)F(YF1T1) =xF(y+-1)
G6 G2 G6
A2: 14x = (XF-xXN4x==xF (X 4x) = x+ 1.
Gl G6 G5
A3: xl—[(le—y)l—x]:(xl—xT)l—(yl—x):1|—(y|—x):y|—x.
G5 Al A2 A2

Al X'F1=xXrFOAFD=KKFDF1T=(14x)F1=1494(14X)

G6 GI*

G5 G5

=X 4x)4(1=4x") =x"T4[x41)4xT = x4 (x=4x") = "4 1) 4 (x4 x"

GI* A2

G2 A2

=X 41 4x) 4T = x4 [xF D) AxT] = x" 4 x-(14x)] = x4 x == 1)]

G6 G5

&
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X 4[xFx)-11= x"4(1F1) = x
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A2 G2 A2
A5: xl—[le—(y|—1)] :xl—[le—(1—|y)] =x|—[(xT|—1)—iy] :xl—[(1—|xT)—|y]

G5 G1* G5
=xF[(14xN) 4@y AN = xF1A4X 4y)41 = x-[1 4 & 4y)]
A2 Al G2 G5
=xF[X'4y)F1 =X X 4y)] = [xFxD)4yl-1 =1 4y)+1
A2 Al G5
=(yFNDF1=y-(1K1) =yr1.

The following lengthy operations
show that G satisfies A6.

S XEDEY = YR ()Y = Y (0 ) Y)
Z (yF(yTFX))FUPy)G=5(yF(yTH())Fyfyk((yTF(yF(yTH)))Fy)
/2yP(((yTF1)F(yk(yTFX)))Fy)
fy%((((y*kx)k((y*kx)*k(y*k MWy D)y
- y (" F )= (T 0T YD) E Yy T X)) Fy)
Z Y F (O )= (T 0"y Fy) E T E X)) Fy)
Sy O (0 () ) O ) )
Sy (O 0 (T T (@O ) - ) )
Sy 0 (T 0 (1 @Ay ) - ) - Y)
0 (@ 0T (DAY ) ) - Y)
SR 0 (X (1) AV ) - ) - Y)
YR O (0 DAYy ) - y)
z yF (O )= (O =T EAAY) Ey) T EX)) FY)
Sy 0 (@ - D 6T D) ) - 6T )
(O 0 (@ - )y ) O ) - y)
Sy @ 0 - O F (-0 ey ) ) E o) - Y)
S 0 O @ 0T D6 ) O X))
O 0 - O - (@ 0T D Ay ) - ) - Y)
YR 0 @ O (@0 DDy ) - O ) - y)
z Y )=y (T OTFTE D) E D) YD Ey) E TR X)) FY)
i1yk(((y*kx)k((yk((((y*k((y*kx)*k1))% N =y) =4y) G X)) -y)
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=y (O FX) O F W = O T D) E YD) E ) E T EX) )

=y )RR )T T EY) E T EX) FY)

A4

=y X)) D) YD) EY) E X)) FY)

GI*

=y R EOTETE ) TR E X)) )

A5

A4

Al (VU Rl (VAR I (A ) N (A ) )

=y (O FX) (TR Y)EGTEX)) FY)

A3 GI*

=yFY FYF EXDFY) = EY)EOTFY) X FY)

A4

A3

=HOFD)EY W FX)FY) =Ry F T FX)FY)

G5 A3
=y (Y FX)Fy) =xky.

We now show that + is associative.

XkF(yr 2z)
A6
= xXFNDF({yF2
A6
=xXFDF{(y-1)H+2)
f(z|—(zT|—(x|—1))l—((yl—1)l—Z)
Gzl*z|_(((z’f»—(x|—1))|—(y|—1))|—z)
A=22F(((ZTF(XH))F(1ﬂ/))FZ)

z- (' (x - 1) 4y) F 2)

eI

ZH (" (x- 1) 1) 4y F2)
G=22F((zT (x-1E1)Ay)F2)
GZZZl—((ZTI—((XI—'l)l—('I—iy)))l—z)
A=22|—((ZTI—((XI—1)|—(y|—1)))I—Z)
f((xl—1)|—(y|—1))l—z
A=2((XI—1)I—(1—1y))I—z
G=2(((x|—1)|—1)—|y)|—z
il((xl—(‘ll—1))—|y)l—z
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G2
=xF((1T-1)Hy) 2z
G2
=xF(1+-(14Y) 2z
A2
=xF(1rFYFN))F2Zz
G5

=(XF(yFMNFz

AL

=(xFYy)FF1DFz

A6

=(XFYy)z

[l COMMUTING PAIRS UNDER +~

a. Example

Suppose G is a digroup that is not a
group, and further suppose that G has

distinct elements a and b such thata — b =

braandatr b=+ a-b. We will show that
the order of G must be composite, and
further, that the set of pairs that commute

under + including those of the form (x, x) is

a sub-right group of GXG.

The following is the smallest such
digroup of odd order found by the computer
program Mace 4.

Let G = Z45. We define — and — as follows:
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~|lof1]2]3|4|5]|6|7|8]9|10]11]12|13]14
0|1 2 3 1 7 10 0 8 4 5 9 6 13 14 12
1]o0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
2|11 2 3 1 7 10 0 8 4 5 9 6 13 14 12
3|6 3 1 2 8 9 11 4 7 10 5 0 14 12 13
4]0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
5|6 3 1 2 8 9 11 4 7 10 5 0 14 12 13
6]0 1 2 3 4 5 6 7 8 9 10 11 12 13 14
7] 2 3 1 7 10 0 8 4 5 9 6 13 14 12
8|6 3 1 2 8 9 11 4 7 10 5 0 14 12 13
9|1 2 3 1 7 10 0 8 4 5 9 6 13 14 12
10jo 1 2 3 4 5 6 7 8 9 10 11 12 13 14
116 3 1 2 8 9 11 4 7 10 5 0 14 12 13
120 1 2 3 4 5 6 7 8 9 10 11 12 13 14
13|11 2 3 1 7 10 0 8 4 5 9 6 13 14 12
146 3 1 2 8 9 1 4 7 10 5 0 14 12 13

qlof1]2|3]|4]5|6]|7]|8|9]10]11|12]13]14
0|5 0 5 4 0 4 0 5 4 5 0 4 0 5 4
1}l2 1+ 2 3 1 3 1 2 3 2 1 3 1 2 3
2|3 2 3 1 2 1 2 3 1 3 2 1 2 3 1
3]t 3 1 2 3 2 3 1 2 1 3 2 3 1 2
4]0 4 0 5 4 5 4 0 5 0 4 5 4 0 5
5|4 5 4 0 5 0 5 4 0 4 5 0 5 4 0

6/9 6 9 8 6 8 6 9 8 9 6 8 6 9 8
7)1 7 11 10 7 10 7 11 10 11 7 10 7 11 10
8|6 8 6 9 8 9 8 6 9 6 8 9 8 6 9
9|8 9 8 6 9 6 9 8 6 8 9 6 9 8 6
107 10 7 11 10 11 10 7 11 7 10 11 10 7 11
1110 11 10 7 11 7 11 10 7 10 11 7 11 10 7
1213 12 13 14 12 14 12 13 14 13 12 14 12 13 14
1314 13 14 12 13 12 13 14 12 14 13 12 13 14 12
14112 14 12 13 14 13 14 12 13 12 14 13 14 12 13
Here 9-5=5+-9=10+6=9 5.
b. The Order of G 4. Jisagroup.

5. G=Jr-rE=JXE, ).

We first collect some basic
definitions and results about right groups
that we will need to prove our results
(Lemma 1). Note that left groups have
results corresponding to those listed for right
groups.

Lemma 1. [2] Let (G, ) be a right group,
let E = {e € Gle-x =x }, and let J = {x"'|xe
G}

1. xFy)'=y'Fx"forallx,y €G.

2. x—1=x")"forallx € G.
3. Eis aright zero semigroup.
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G is a group if and only if - = + if and
only if E = {1}.

Theorem 3. If G is a digroup with a, b € G
satisfyinga-b=braandarb=+=a-b,
the |G| is composite.

Proof. Let (G, ~, H) be a digroup and
suppose |G| = p for some prime p. From
Lemma 1 we know that G = (J X E, F).
Therefore |E| =1 or |E| =p. Suppose |E]|

=1. Then by Lemma 1, - = - and therefore
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a + b =a - b, a contradiction. Suppose |E|
= p. Then ‘v’gi, g € G g+ g =g
Therefore, as illustrated by the Cayley table
below, there are no commutative pairs in
(G, ).

— g1 ‘ 92 ‘ g3 ‘ ‘ Yo
91 91 92 93 9o
92 91 92 93 9o
93 91 92 93 9o
9p 91 92 93 9o
O

c. Commuting Pairs Under

Here we list all the pairs from

Example 1 that commute under -, excluding
pairs of the form (x, x), and we also show J

—E. HereJ={1,2,3} = 7Z3;and E ={1, 4,
6, 10, 12}.

Commutative Pairs Under +

(1,2) (1,3) (2,3)
(4.7) (4.8) (7.8)
(6,0) (6,11) (0,11)
(10,5) (10,9) (5,9)
(12,13) (12,14) (13,14)
JFE
3-1=3 2-1=2 1T-1=1
3-4=8 2-4=7 1-4=4
3-6=11 2+-6=0 1-6=6
3-10=5 2+10=9 1+10=10
3-12=14 2+-12=13 1+-12=12

From these tables we notice two things.

First, going across a row of J ~ E, all
elements commute, e.g., 8 and 7 commute,

26
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4 and 7 commute, and 4 and 8 commute.

Second, going down a column of J - E, no
elements commute, either with elements of
their own column or with elements of other
columns not also in the same row, e.g., 11
and 7 do not commute. We can generalize
these observations as follows.

For each of the following lemmas,

letj, € Jand lete, € E.

Lemma 2. If J is abelian and e is a fixed
element of E, then all pairs of the form (jx -

e, j - e) commute.

Proof. Assume J is abelian and choose e a
fixed element of E. Since J < G, jk - ji = ju
€ J. Therefore (k—e)-(iFe)=jkF (e -
Fe=jwrFe=jk—e=(G+e)r (k+e).

Lemma 3. Define ~bya~bifa=j+ eand

b =j - e for the same e. Clearly ~ is an
equivalence relation.

Lemma 4. No pairs of the form (jx - eq, ji -
e,) commute, where e * e,.

Proof. (jk = e1) = (j| = ez) = jkl = ey, while (j|
- ey) - (k- e1) =jik - e1. From Lemma 3,
we know that ji, - e, # jix - e;.

O
There is one further lemma that will be
useful to us.

Lemma 5. da,b e (G, —, H) satisfying a
Fb=br aifandonlyifa'-b"'=b"+a’.

Proof. Let G be a digroup.
=>leta, b € Gsuchthata b =D>b I a.

'tl)'nen b'Fa'=@rb'=(bra’=a'r
<leta,b e Gsuchthata'-b'=b"'+a™.
Then(b+a)'=a'+~b'=b"+a'=(ar
b)".

O
Definition 2. LetH={(a, b) € (G X G, +)| a
—b=bra}. Forall (a, b), (c, d) € H,
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define (a,b) - (c,d) by (a,b) - (c,d) = (a I c,
b~ d).

Theorem 4. If J is an abelian subgroup of a
digroup G, then H is a sub-right group of (G

X G, ).

Proof. Let G be a digroup. Clearly (G X G,
) is a right group. Let J be an abelian
subgroup of G, and let (a,b), (c,d) € H.
Closure: From Lemma 4 we know we can
write (a,b) as (j, - €a, jb - €5) and (c,d) as (jc
- €. jo - €c). Therefore (a,b) - (c,d) = (ja -
€atJo €, jb - €ak o €)= (Jac = €c, Jod
~ e¢), which commutes since J is abelian.

Therefore H is closed under +.
Right Inverses: From Lemma 5, we

know that (a”, b”") € H. Obviously (a,b) -
(@'b"h=(1,1) e H.

Left Identity: Clearly (1,1) +~ (a,b) = (a,b).

Od
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