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ABSTRACT

This paper numerically investigates the space-localized spherically symmetric, stationary, and
singularity-free solutions of the Nonlinear Schrédinger equation when the nonlinearity is a step
function. Previously no-node solutions have been obtained analytically. Here, it is shown that
localized stationary solutions with one node and two nodes also exist.

l. INTRODUCTION
The Schrédinger equation is

2
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where #iis Planck’s constant, m is the mass

of the particle, U(x) is the potential in which

the particle moves, and ;//zt//(x,t) is the

wave-function for that particle [1].

This is the fundamental equation of non-
relativistic quantum mechanics. It describes
the motion of electrons and other elementary
particles. It is a linear partial differential
equation.

In  contemporary physics nonlinear
versions of Schroédinger equation are studied.
Their form is

0 .
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where y > 0 is a real constant and G is a real
function of |w|2 —yy.

The space-localized solutions of the
nonlinear  Schrdédinger  equations are
interpreted as representations of elementary
particles. Only three nonlinear Schrédinger
equations are known to be solvable
analytically:  the one with a logarithmic

nonlinearity, the one with G(w*l//)zkl//*w

(k is a constant), and G is a step function [1-
4].

In the case when G is a step function,
only no-node space-localized solutions were
obtained analytically. Using numerical
calculations | have found one-node and two-
node space-localized solutions.  This is
evidence that space-localized solutions of
any number of nodes exist when the
nonlinearity is a step function.

The goal of this paper is to numerically
investigate the space localized, spherically
symmetric, stationary, and singularity-free
solutions of the NLS (Nonlinear Schrodinger
Equation) when G is a step function.

Il. THE EQUATION FOR
SPHERICALLY SYMMETRIC
STATIONARY SOLUTIONS

We start with equation (2). Then we
use that fact that stationary solutions are of
the form

l//:(oe—ia)t (3)
where ¢ =p(x) is a function of the

coordinates  x = (x;,X,,X;) only. By
substituting equation (3) into equation (2) the
NLS becomes
2 *
op=-1V’p+pGle'p) (4)
Now we can rewrite equation (4) as the
following

uVip=(G-w)p (5)
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Figure 1. Three types of solution to the non-linear Schrodinger equation (NLS) for three values of the

shooting parameter, v,.

Since we are looking for spherically
symmetric solutions the following must be
true for ¢

1d°(r

r dr
where @ = @(r) is expressed as a function

ofr.
Using this we find that our NLS becomes

2
pd (ro)
—— 5 =(G-o)p (7)
rodr
which is an ordinary differential equation
(ODE). For our convenience we will define a
new variable,

u=ro (8)
Now our ODE can be written as
d’u
=(G-wu 9)
s ( )
. a
Next, we define G = G| ~— | to be the step
r
function:
d
o, —<I
G= r (10)
d
0 —2>1
r

10

The shooting method and Runge-Kutta
method can now be used to find solutions to
the following set of equations:

du_,
dr
(11)
dv
—=(G-w)u
dr ( )
with initial conditions
U, = 0 (12)

and v, = shooting parameter.

[l THE SHOOTING METHOD

Before the Runge-Kutta method can
be applied to the NLS equation, equation (9)
must be reduced to a system of two first
order ordinary differential equations

du_
dr

dv G
—=|——wu
dar \ o,

Since the NLS equation is of order 2, two
initial conditions must be specified in order to
determine a particular solution to the
equations. These initial conditions are ug and
Vo. Because we are looking for singularity-
free solutions, |[u - 0 as r —» 0 (because

v (14)

(15)
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u
@ = — must remain finite). From this we get
r

that up = 0. Now we have to determine the
“shooting parameter” vo.  Since we are
looking for space-localized solutions we know
that [ul > 0 as r —» «~. Thus, we can just vary
the parameter v, until a space-localized
solution is found. vy describes the initial
slope of the particular solution, and thus by
varying this parameter we may “shoot” for the
solution we desire (a space-localized
solution). Figure 1 shows an example of
three solutions obtained with three different
values of the parameter vy.

Now the Runge-Kutta method may
be used to find solutions to the NLS equation.

V. RESULTS

First we have to verify that the
shooting method works. To do this we
compare the analytical result for the no-node
solution with the results of the numerical
method for the no-node solution. The
analytical solution is

h

Jor

N il
p=-"Le"UT for p<r<w
r

Q= sin( a)r) for 0<r<r (16a)

(16b)

where ry is the value of r at which the step
occurs. See Georgieva and Bodurov [3] for
more details on the analytical solution.
Figure 2 illustrates a comparison between the
numerical and analytical solutions.

N = J.gozdxdydz = j:[
p

u
since @ = — and dxdydz = 4nr°dr because
r

of spherical symmetry.

a. No-Node

Once again we will verify that the numerical
procedure works, through comparison with
the analytical solution. Figures 9 and 10
show that the L,-norm has a single minimum

11
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a. One-Node Solution:

We have varied the parameter o, so
as to include values throughout its entire
domain. The shooting method was then used
to determine the value v, for which the one-
node solution exists. Figures 3, 4, and 5
represent some of these solutions for » = 0.1,
0.5, and 0.9, respectively.

b. Two-Node Solutions:

Once again we have varied the
parameter ®, so as to include values
throughout its entire domain. The shooting
method was then used to determine the value
vo for which the two-node solution exists.
Figures 6, 7, and 8 represent some of these
solutions for o = 0.1, 0.5, and 0.9,
respectively.

V. L,-NORM

Now that we have demonstrated the
existence of stationary solutions with multiple
nodes, we can calculate the L,-norm N of

u
@ =—for the one-node and two-node

r
solutions by numerical integration. The
integration is performed by applying the

trapezoidal rule to u? at different values of w.
By the definition of the L,-norm we have

N = I¢2dxdydz (17)
R3

where R’stands for all space and
dxdydz stands for the volume element. In
our case, we have

2
zj Aridr :47zJ.0ru2dr (18)

r

at o ~ 0.931, which agrees with the results
of the analytical solution.

b. One-Node

Now that we have validated the
numerical procedure, we shall apply it to the
one-node solutions. The results are shown
in Figures 11 and 12.
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Verification of Shooting Method
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Figure 2. (Top left)
Verification of the
Shaoting Method: A
comparison  between
the analytical solution
(solid line) and the
numerical solution
(dotted line) for » = 0.5
and v, = 3.332074.
The two solutions
overlay each other
quite closely.

Figure 3. (Middle left)
An example of a One-
Node solution, with ®
= 01 and v, =
18.331585.

Figure 4. (Bottom left)
An example of a One-
Node solution, with ®
= 05 and v, =
7.088522.
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Two Node Solution Figure 8. (Top left) A
Two-Node solution,

u
with ® =0.9 and v, =
15 - 6.562161.
10 |
5
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N/4n No Node Figure 9 (Middle left)

and Figure 10 (Bottom
left) show that the L,-
500.00 - norm has a single
minimum in the No-
Node case at o =
300.00 0.931, which agrees
with the results of the
analytical solution.
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Figures 11 and 12 show that the L,-norm

has a single minimum.

Figure 11 (Top right)
and Figure 12 (Middle
right) show that the L,-
norm also has a single
minimum in the case of
the One-Node solutions.

Figure 13 (Bottom right)
and Figure 14 (Top next
page) show that the L,-
norm also has a single
minimum in the case of
the Two-Node solutions.

VOL. 3, NO. 2 (2004)

c. Two-Node

Now we shall apply the procedure to the
two-node solutions. The results are shown
in Figures 13 and 14.
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Two Nodes Figure 14 (at left)
N/4rn shows that the L,-
norm also has a single
minimum in the case
497.0 1 of the Two-Node
solutions.
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CONCLUSION REFERENCES
The above results are presented as evidence 1. Bialynicki-Birula, 1.,  Mycielski, J..

that space-localized solutions of one node
and two nodes exist, when the non-linearity in
the NLS is a step function. Based on the
results of this paper, we can conjecture that
solutions with any number of nodes exist.
We have also demonstrated that the no-
node, one-node, and two-node solutions all
have a single minimum for their L,-norm.
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